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Abstract 

We analyze the quark mass dependence of the Roper mass to one-loop order in relativistic 
baryon chiral perturbation theory. The loop integrals are evaluated using infrared regu- 
larization which preserves chiral symmetry and establishes a chiral counting scheme. The 
derived chiral expansion of the Roper mass may prove useful for chiral extrapolations of 
lattice data. For couplings of natural size the quark mass dependence of the Roper mass 
is similar to the one of the nucleon. 
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1 Introduction 



Understanding the (ir)regularities of the hght quark baryon spectrum poses an important chal- 
lenge for lattice QCD. In particular, the first even-parity excited state of the nucleon, the Roper 
A^*(1440) (from here on called the Roper) is very intriguing — it is lighter than the first odd- 
parity nucleon excitation, the 5*11(1535), and also has a significant branching ratio into two 
pions. Recent lattice studies, see e.g. [1-7], have not offered a clear picture about the nucleon 
resonance spectrum. In particular, lattice QCD operates at unphysical quark (pion) masses and 
thus a chiral extrapolation is needed to connect these data to the physical world. The findings 
of Ref. [2] indicate a rapid cross over of the first positive and negative excited nucleon states 
close to the chiral limit. No such level switching is e.g. found in [4], possibly related to the fact 
that the simulations were performed at quark masses too far away from the chiral regime. It 
should also be noted that so far very simple chiral extrapolation functions have been employed 
in most approaches, e.g., a linear extrapolation in the quark masses, thus ~ (with the 
pion mass), was applied in [7]. It is therefore important to provide the lattice practitioners with 
improved chiral extrapolation functions. This is the aim of this manuscript. We consider the 
Roper mass (the real part of the Roper self-energy) to one-loop in baryon chiral perturbation 
theory. More precisely, we employ an extension of the infrared regularization method of Ref. [8] 
and study the pion mass dependence as a function of the various low-energy (coupling) con- 
stants that appear in the expression. We refrain from analyzing the existing lattice data — our 
results apply to full QCD and not to one of the various approximations to QCD employed in 
the lattice studies. 

Our manuscript is organized as follows. In Sec. El we display the effective chiral Lagrangian 
underlying our calculation. The chiral corrections to the Roper mass are calculated in Sec. IHl 
Sec. m contains our results and the discussion thereof. 



2 Effective Lagrangian 

We will calculate chiral corrections to the Roper mass up to one-loop order. Since the Roper is 
the first even-parity excited state of the nucleon, the construction of the chiral SU(2) effective 
Lagrangian follows standard procedures, see e.g. [9]. The effective Lagrangian relevant for our 
calculation is (see also Ref. [10]) 

= -^^0 + + C-NR , (1) 

with the free part 

= iN^^D^N - MnNN + iR-f^D^R - MrRR , (2) 

where A^, R are nucleon and Roper fields, respectively, and M^r, Mr the corresponding baryon 
masses in the chiral limit. is the chiral covariant derivative, for our purpose we can set 
= dfj,, see e.g. [9] for definitions. The pion-Roper coupling is given to leading chiral order 

by 

= ^gRRj.j.u'^R (3) 

with an unknown coupling qr and the superscript denotes the chiral order. The pion fields are 
collected in = —d^iz/fT, + 0{tz^), where f.^ is the pion decay constant in the chiral limit. 
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At next-to-leading order, the relevant terms in Cr are (we work in the isospin limit = 
and neglect electromagnetism) 

£g) = cl{x+)RR - {{u,u,){D\ D^} + h.c.) R + > (4) 

where x+ is proportional to the pion mass and induces explicit chiral symmetry breaking. 
Further, ( ) denotes the trace in flavor space. For a complete one loop calculation we also need 
the fourth order effective Lagrangian, more precisely, the term 

4^ = -%{x^?RR ■ (5) 

The interaction piece between nucleons and the Roper reads 

'^n\ = \9nrRi>.1^u^N + h.c. . (6) 

The coupling g^qji can be determined from the strong decays of the resonance i?, its actual 
value is given below. In principle a term of the form 

iXiR^^D^'N - X2RN + h.c. (7) 

is possible, but applying the equations of motion removes the first term (and its hermitian 
conjugate) such that we are left with the terms RN and NR. These terms induce mixing 
between the nucleon and Roper fields, but diagonalization of the N-R mass matrix does not 
lead to new operator structures and its effect can be completely absorbed into the couplings 
already present in the Lagrangian. We can thus safely work with the Lagrangian in Eq. (0). A 
complete one-loop calculation involves tree graphs with insertion of chiral dimension two and 

(2) 

four and one-loop graphs with at most one insertion from C)^ ■ 



3 Chiral corrections to the Roper mass 

We are now in the position to work out the various contributions to the Roper mass. The 
loop diagrams are evaluated making use of (an extension of) the infrared regularization (IR) 
method [8]. As we will see, the IR scheme is suited for the study of systems with one light 
mass scale m^r and two heavy mass scales Mn, Mr with ^ M|.. In the real world, we have 
M'^/Mfq ~ 2.4, so that this condition is approximately fulfilled. 

1. Tree level: Only the d[ and e\ terms contribute to the self-energy at tree level 

T}r = -^c\ml + e\ml. (8) 

These terms could be absorbed into M/j, but since we are interested in the explicit dependence 
on the pion (quark) mass, we must keep them. The first term is the leading order contribution 
to the nucleon-Roper cr-term. 

2. Pion-nucleon loop: This is the only new structure compared e.g. to the calculation of the 
nucleon self-energy, see Fig. ^ We extend here the method of Ref. [11] developed for IR with 
vector mesons. Consider first the fundamental scalar integral at one-loop order in d dimensions 
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Figure 1: One-loop self-energy graphs of the Roper (R) with intermediate Roper-pion (vr) and 
nucleon (N)-pion states, respectively. 

with an intermediate pion-nucleon pair and external momentum p 



Employing standard Feynman parameterization leads to 



^^Nip') = - Twf [' if3[z - x^][z - (10) 



in terms of the parameters 



In the following, we will restrict ourselves to the kinematical region ^ {Mjsf + m7r)^ which is 
equivalent to 

(^^«- 

This implies that in the chiral limit a ^ the mass difference p^ — remains finite and 
does not tend towards zero as in the standard case of IR. This constraint is clearly satisfied for 
values ~ M|, close to the Roper mass. It is also consistent with resonance decoupling in the 
chiral limit [12]. The nucleon propagator is thus counted as zeroth chiral order for momenta 
p"^ ^ M^. Setting j3 = Mj^/Mfj one obtains the small parameter 

- ' (13) 



(a + /5- 1)2 9 ' 

which indicates a fast convergence of the expansion of the loop integral Eq. Q in powers of 
the pion mass. Expansion of x± in a leads to 

/3 — 1 a o? n 
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where x_ = 0{a) and x+ = 0{1). We now divide the parameter integral of Eq. into tliree 
parts 

r(2- 



f-TTN 



(4vr)rf/2 
with 



'-Mr (/s + « + . (15) 



Jo 

J 

^iJ(p') = [' dz iP[z - x^][z - x^])^-' . (16) 



Note that < x_ < x+ < 1. The first integral I^^ can be rewritten as 



= i^-r^'-' / dy mx^-x.{i-y)])^-'y^-' . (17) 



Expansion of the integrand in powers of X- ~ C^(«) and interchanging summation with inte- 
gration leads to 

= ^{x-r/''\Px^r/'-' + 0{a"') , (18) 

where the leading term is of order 0{a'^^'^~^) and thus conserves power counting. The integral 
contains only fractional powers of a and contributes to the infrared singular part. The 
remaining two integrals, on the other hand, are regular in a. For I)^^ one has 

ifliv") = hPf'-' r dz (K ^-])^"' , (19) 



where (3 has a small positive imaginary piece. Integration yields 

/S(p^) = {-^f'-' - ■ (20) 

(2) 

Obviously, this expression is expandable in powers of x_. The integral /^^ is complex and does 
not conserve power counting. It contributes only to the regular part and will be omitted for 
our purposes. More precisely, the imaginary part does not contribute to the resonance mass, 
while the real part can be absorbed into the couplings of the effective Lagrangian at the on-shell 
momentum = M^. In the third integral, 

= dz i(3[z - x^][z - x.])^-' , (21) 

one can expand the integrand directly in powers of x_. The expansion coefficients of this series 
are integrals of the type (r G R) 

dz {z - x+)^~' = (1 - x+f^-^ / dw {1- wf^-^ (1 + wix+ - 1)Y . (22) 



Since 1 — remains finite in the chiral limit these integrals also contribute only to the reg- 
ular part and can be absorbed into the couplings of the Lagrangian at momentum p'^ = M|.. 
Therefore, the infrared singular part which stems from small values of the Feynman parameter 
z is entirely contained in I^^ and we can restrict ourselves to the integral 



N)IR 



r(2-i 



d-i 



d-4 

N 



167r2 

Expansion in a leads to 



X- 



A-d 



dz {I3[xj^ - z\[x^ - 2;]) 2 



+ ln47r — 7^; + 1 



-2 



dz ln(/3[x+ - z][x- -z])) .(23) 



{I-kn)ir 
with 



2L + 



167r2 



In 



Ml 



a 



+ 



a 



(3-1 (/9 - 1) V 327r2 {(5 - If 



1 1 r, 
In 477 - 7f; + 1 

d-A 2 ^ \ 



(24) 



(25) 



and '-)E is the Euler-Mascheroni constant. We have chosen the regularization scale to be Mr. 

In fact, the same result for the infrared part can be obtained by expanding the baryon propa- 
gator in the loop integral (a method first used in Ref. [13]) 



dH 



{2tiY [/2 - ml] [p^ + 2p-l + P- M\ 



(26) 



Counting the loop momentum as / ~ 0{mT^) and taking p^ ^ (Mjv + fn-^f, one obtains 



p^-Mj, 



dH 



2p-l + P (2p-l + /2)2 



(p2 



(27) 



which reproduces the result of Eq. (j^^ after interchanging summation and integration. 

After investigating the scalar loop integral one readily obtains the infrared singular part of the 
full one-loop self-energy diagram with an intermediate pion-nucleon pair (see Fig. 
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IR 



;^9n_R 

' 4/2 
_^9nr 



dH 



/(j^+/-Mjv)/ 



IR 



{27iY[P-ml] [[p + iy-Ml] 



mi 



_327r2(p2 _ M2,) 



In 



ml 
Ml 



+ 



ml 



647r2(p2 



Ml) 



167r2(j92 



In 



Ml 



(28) 



where we have only displayed the finite pieces. The term proportional to L has been absorbed 
into the counter terms. Evaluating the integral aX = Mr yields 



{^n{Mr)) 



^9 



2 

NR 



2567r2/2(M2 -M' 



{2Mr + AMn) In 



Ml 



+ M, 



R 



(29) 
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Note that this expression preserves both power counting and chiral symmetry. 

3. Pion-Roper loop: This corresponds to the standard IR case and is immediately obtained 
from the result in [8] by replacing by Mr (see Fig. [l]), 



327r/2 " 



1 + — ^ + — ^ In 



27r Mr 271 Mr \Ml 



+ 0{ml) . (30) 



Again, power counting and chiral symmetry are maintained for the IR singular part of this 
diagram. 

(2) 

4. Tadpoles: The tadpoles with vertices from C)^ yield 



= ^6c; - -4 - 34 j ^ >.> [jpJ^j^A < ■ (31) 

Again, this result agrees with the one for the nucleon by proper substitution of the LECs and 
baryon masses. 

5. Total Roper self-energy: Putting all these pieces together, we obtain the following 
one-loop correction to the Roper mass 

^^(i-ioop) ^ (s^(M^))^^ + (Sk(M^))^^ + S-^ + Sr (32) 

in terms of the renormalized couplings c^, e\ and the renormalized mass Mr for which we use 
the same notation. 

We have not explicitly considered loops with a A(1232)-pion pair^. If one treats the A on the 
same footing as the nucleon field, the contribution will be of the type in Eq. and amounts 
to a renormalization of qnr and e\. However, one must keep in mind that the convergence 
of the corresponding chiral series is not as good as for the nucleon due to the smaller mass 
difference M|, — M\. If, on the other hand, the Delta mass is considered to be of the same 
size as the Roper mass, the loop contribution will be similar to the result in Eq. (jHUj) and leads 
to a modification of qr and the couplings c*,e*. In both scenarios, the effects of the Avr loop 
can be absorbed into a redefinition of the couplings. Since their values are not fixed, we will 
vary them within certain regions, see Sec. I3 such that the inclusion of the A resonance will 
not alter any of our conclusions. For a treatment of the A in infrared regularization see, e.g., 
Refs. [15-17]. We also stress that the explicit inclusion of the A can lead to a complicated 
three-small-scales problem (the pion mass and — if considered small — the Roper-Delta and the 
Delta-nucleon splitting) that requires theoretical tools that have not yet been developed for 
baryon chiral perturbation theory. 



4 Quark mass dependence of the Roper mass 

Before analyzing the pion mass dependence of the Roper mass, we must collect information on 
the couplings qr, qnr and the LECs c* {i = 1, 2, 3), and e*. One obtains qnr = 0.3 . . . 0.4 from 
a fit to the branching ratio of the Roper into one pion and a nucleon which is in agreement 

^Note that in the Jiihch coupled-channels approach, the Roper is dynamically generated with an important 
ttA component besides the aN one [14]. 
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with the relation qnr = \/RgA/'2,, where qa is the axial- vector coupling of the nucleon and 
\fR = 0.53 ± 0.04 (for details, see Ref. [18]). For qr the naive quark model predicts qr = qa, 
and we set here gR = so that qa and qr are roughly of the same size, see also [19]. 

To leading order in the chiral expansion, the LEG c[ measures the cx-term in the Roper state 
and it is thus bounded from above by the value of the pion-nucleon a-term. This means 
|c*| < 1 GeV^^. More realistically, a natural value for c* would be around —0.5 GeV^^ because 
a-terms are expected to become smaller with the resonance excitation energy (see also the 
related discussion on the vrA a-term in Refs. [16,17,20,21]). The sign of c\ should be negative 
since the quark masses contribute positively to the hadron masses. The nucleon LEGs C2 and 
C3 are much enhanced compared to the natural values \ci\ < 1 GeV~^ because of the nearby 
and strongly coupled delta resonance [22]. This is not expected to be the case for the Roper 
resonance. Gonsequently, the LEGs be bounded conservatively by ±1 GeV ^. The pion 

decay constant in the chiral limit is taken to be = 87 MeV [23]. 

In Fig. El an estimated range for the pion mass dependence of the Roper mass is presented by 
taking the extreme values for C23 and e^, while keeping c\ = —0.5GeV~^, gNR = 0.35, qr = 1 
fixed. The masses of the baryons in the chiral limit are taken to be Mjv = 0.885 GeV [24] 
and Mr = 1.4 GeV, respectively. The dash-dotted curve is obtained by setting the couplings 
C2 3, e* all to zero, and exhibits up to an offset a similar quark mass dependence as the nucleon 
result (dotted curve, taken from Ref. [24]). It should be emphasized, however, that the one- loop 
formula cannot be trusted for pion masses much beyond 350 MeV. For similar results for the 
nucleon mass, see also Ref. [25]. 

In the numerical calculation we have employed the pion decay constant in the chiral limit, 
f-j, = 87 MeV. However, we could have equally well used the physical pion decay constant, 
= 92.4 MeV, as the difference in the chiral expansions appears either at chiral order 0{m^) 
in Eqs. ^^ or at order 0{m^) for the Roper-pion loop which is beyond the accuracy 
of the present investigation. The numerical results for these contributions would change by 
the amount of f^/F^ ^ 0.89 and do not lead to significant changes in the results. Stated 
differently, the replacement of by in these formulae induces a correction due to the quark 
mass expansion of 
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with ^4 = 4.33. The modifications at leading order are then 



M 1 + T7-f7i^4 + 0{mV) ) (33) 



NR 



20487r4F4(M| - M^] 



U ml 



(2M« + 4M;v)ln( ^ ) ^ Mr 



2 

vnz 



(34) 



for the nucleon-pion loop. 



for the Roper-pion loop, and 



^91 



2567r3Fi 



h ml (35) 



6ct - - 3c{] h ""L. In i tJI + ^-TT^cl h ml . (36) 

^ 4 2 7 12M^F^ \MlJ 10247r4F4 2 * ^ y j 

for the tadpoles. These corrections at higher chiral orders are indeed small and can be safely 
neglected for small pion masses. In fact, the variations induced by these corrections are within 
the band for M/j(m^) given in Fig. [21 
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m^' [Gev'] 

Figure 2: Quark mass dependence of the Roper mass for different parameter sets c* = 
— 0.5, C2 3,e*. The q are in units of GeV~^ and ei is given in GeV~^. and couphngs 
= 1.0, gNR = 0.35. The sohd curve corresponds to C2 = 1.0, C3 = 1.0, el = 0.5, the dashed 
one to C2 = -1.0, C3 = -1.0, = -0.5 and the dot-dashed one to C2 = c*^ = = 0. The 
dotted curve represents the quark mass dependence of the nucleon, see Ref . [24] . The values of 
the corresponding LECs are: ci = — 0.9,C2 = 3.2, C3 = — 3.45,ei = —1.0. 

In this work, we have calculated the chiral corrections to the Roper mass to one-loop order. The 
approach is based on an extension of infrared regularization which allows for the unambiguous 
isolation of the infrared singular part of the loops stemming from the pion poles. At the same 
time, chiral symmetry is preserved and a chiral counting scheme emerges. The considered 
Feynman diagrams contain two different heavy mass scales Mj^,Mfi which we consider to 
satisfy the relation Mjj <^ M^. The utilized formalism is in general suited to study systems 
with two heavy mass scales in addition to a light mass scale. In this sense, it can be applied to 
other resonances as well, such as the 511(1535). In this case, however, an SU(3) calculation is 
necessary due to the important rjN decay channel. 
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